From the Heisenberg uncertainty relation in conjunction with partial transposition, we derive a class of inequalities for detecting entanglements in four-mode states. The sufficient conditions for bipartite entangled states are presented. We also discuss the generalization of the entanglement conditions via the Schrödinger-Robertson indeterminacy relation, which are in general stronger than those based on the Heisenberg uncertainty relation. General separability criteria based on uncertainty rela-
Entanglement plays an important role in quantum information theory. It provides strong tests of quantum locality, and is a useful resource for various kinds of quantum information processing using discrete or continuous variable (CV) systems. In recent years, increasing attention was paid to CV systems. In particular, Gaussian state entanglement, a special class of states in CV systems, has attracted great interest [1] [2] [3] [4] [5] [6] . The uncertainty relations were first developed for CV systems and applied to Gaus-tions valid for both discrete and CV systems have been introduced by Giovannetti et al. [22] and Hofmann et al. [14] . Giovannetti et al. derived a separability criterion for bipartite quantum systems which generalizes the already known criteria. It is based on observables having generic commutation relations. Hofmann et al. introduced separability criteria for discrete variables but the general formulation is also valid for CV systems. Several authors have recently obtained some inequalities by considering bosonic representation of the su(2) and the su(1,1) Lie algebra [23] [24] [25] . Hillery and Zubairy have provided a class of inequalities for detecting entanglement of two-mode states [23] . Agarwal and Biswas used the partial transposition method to derive a separability condition for testing single-photon entangled states, α|1 0 +β |0 1 [26] . Interestingly, Shchukin and Vogel showed that all of the previously known criteria for CV systems in Refs. [2, 3] and Refs. [23, 26] can be derived in principle by taking into account the partial tranposition method [27] . Very recently, the Schrödinger-Robertson indeterminacy relation (SRIR) [28, 29] was also used by Nha et al. [30] and Yu et al. [31] to obtain entanglement conditions. In general, the entanglement criteria based on SRIR are stronger than those via Heisenberg uncertainty relation (HUR). In this paper, we study the entanglement conditions by the method based on the uncertainty relations in conjunction with partial transposition. We derive a class of inequalities for detecting the bipartite entanglement for the cases of ABC | D and AB | C D entanglement, and apply them to the study of entanglement of a kind of GHZ state. We also discuss the entanglement condition by using SRIR instead of HUR, and some stronger conditions are obtained. Our method is different from that of Giovannetti et al. and Hillery et al., which we think are effective and simple to detect entanglement. In particular, we derive a class of inequalities which have stronger bounds to detect entanglement. We first introduce the method of obtaining the entanglement conditions from uncertainty relations in conjunction with partial transposition. Given two noncommuting observables {A, B} satisfying [A B] = C , the HUR is given by [32] (∆A) 2 (∆B) 2 ≥ 1 4
By using 2 + 2 ≥ 2 we also have
Here (∆A) 2 = A 2 − A 2 denotes the variance or the uncertainty of the observable A It is evident that the product of two uncertainties is bounded below by | C | 2 /4 and the sum of two uncertainties is bounded below by | C | Now we consider the HUR for operators A B C acting on a composite multipartite CV system. The HUR of course holds for a separable state represented by the density operator ρ. The separable state is still separable after partial transposition with respect to any subsystems, namely the partially transposed density operator ρ pt is still physical. Thus, the HUR also holds for the partially transposed state, and we have
and
For any operators A acting on a state ρ, we obtain
Then, using this fact, inequalities (3) and (4) can be written in the form of partial transpositions of operators other than states. They are given by
respectively. Here, note that in general
The inequalities hold for any separable states, and conversely any state violating this inequality must be entangled. We now apply the inequalities (6) and (7) to study the bipartite entanglement conditions for four-mode states. Here, we begin our discussions about entanglement con- 
where 
where
It is easy to see that the two sets of operators are connected by partial transposition with respect to the fourth mode as follows
The partial transposition means that we are considering the entanglement between systems ABC and D From the above discussions, we can see that in order to get entanglement conditions, we need to know the partial transposition of product of two operators. For our case, after some algebra, we obtain
Now by replacing A B and C in Eqs. (6) and (7) with H H , and H respectively, then using Eqs. (10) and (11), we will obtain the following inequalities
Here, according to the definitions of covariance Cov(A B) = (AB + BA) /2 − A B ∆L and ∆L satisfy the following relation
Now we apply the equality (14) on the left-hand side of Eq. (13), so we have
Eq. (15) can be written as
and at last we have
This inequality is just the one obtained from a different but more complex procedure [33] . Violation of Eqs. (12) or (18) gives a sufficient condition for ABC | D entanglement.
As an example, we use the inequality (18) 
Another set of operators are given by Eq. (9) . From the definitions of the above operators, we find 
Now we use H H , and H to replace A B and C in Eqs. (6) and (7) respectively, and then use Eqs. (20) and (21), to obtain the following inequalities:
Similar to the derivation process of Eq. (14), we can obtain
Using Eq. (24), we derive the following inequality by a similar way to Eq. (18)
Violation of Eqs. (22) or (25) [28, 29] instead of the HUR. The SRIR is given by (∆A) 2 (∆B) 2 ≥ 1 4
in which there exists a stronger bound | C | 2 /4+Cov(A B) 2 compared with | C | 2 /4 in Eq. (1). Now, we use SRIR instead of HUR, and the SRIR also holds for the state
Then, using Eq. (5), inequalities (27) and (28) can be written in the form of partial transpositions of operators other than states. They are given as
respectively. The inequalities hold for any separable states, and conversely any state violating the above inequalities must be entangled. (N + 1)
where N − = 
and at last we derive the following inequality:
=1 N Similar to the discussions of the AB | C D type of entanglement, we have another set of inequalities
When Cov(L L ) = Cov(L L ) = 0 the above inequalities reduce to Eqs. (12, 18) and (22, 25) . Obviously, the inequalities (12, 18) and (22, 25) [36] . We consider N modes whose annihilation operators are give by 1 2 · · · and respectively, and study the entanglement betweenth mode and the rest. We have two sets of operators,
. and
From the definitions of the above operators, we find
Then, from Eq. (29) and Eq. (30), we obtain
where N + = =1 (N + 1) + =1 N N − = =1 (N + 1) − =1 N . These two inequalities are applicable to studies of entanglement properties between the -th mode and the rest. It is straightforward to obtain relevant inequalities for entanglement between a finite number of selected modes and the rest. In this paper, we have provided a class of entanglement conditions for four-modes states via the uncertainty relations in conjunction with the partial transposition. The method based on the uncertainty relations has its own advantage in that it is easier to use to derive entanglement criteria compared with several other approaches, and this method often provides strong detection of the separability. We have derived inequalities for detecting the bipartite entanglement for the ABC | D and AB | C D entanglement, and applied them to the study of entanglement of a kind of GHZ state. We have also discussed the entanglement conditions using SRIR instead of HUR, and derived a stronger bound that succeeds in detecting GHZ state with the two photons. The extension of the entanglement condition from the four-mode case to the N-mode are straightforward. However, for the case of more modes, we have to consider more partitions.
